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AN ALTERNATIVE PROOF AND GENERALIZATION OF
FERRERO’S COMPUTATIONS OF IWASAWA λ-INVARIANTS
JORDAN SCHETTLER
Abstract. We prove a slight generalization of Iwasawa’s ‘Riemann-Hurwitz’
formula for number fields and use it to generalize Ferrero’s and Kida’s well-
known computations of Iwasawa λ-invariants for the cyclotomic Z2-extensions
of imaginary quadratic number fields. In particular, we show that if p is
a Fermat prime, then similar computations of Iwasawa λ-invariants hold for
certain imaginary quadratic extensions of the unique subfield k ⊂ Q(ζp2 ) such
that [k : Q] = p. In fact, we actually prove more by explicitly computing
cohomology groups of principal ideals. The computation of lambda invariants
obtained is a special case of a much more general result concerning relative
lambda invariants for cyclotomic Z2-extensions of CM number fields due to
Yuˆji Kida. However, the approach used here significantly differs from that of
Kida, and the intermediate computations of cohomology groups found here do
not hold in Kida’s more general setting.
1. Introduction
Fix a prime p and number field k. Suppose k∞ is a Zp-extension of k, i.e., k∞ is
a Galois extension of k with Galois group Gal(k∞/k) isomorphic to the group Zp
of p-adic integers. The subfields of k∞ which contain k all lie in a tower
k = k0 ⊂ k1 ⊂ k2 ⊂ . . . ⊂ k∞
with Gal(kn/k) ∼= Z/(pn) for all integers n ≥ 0. Kenkichi Iwasawa’s well-known
growth formula (see [Iwa59] or [Iwa73a]) states that there are integers λ, µ, ν such
that if An denotes the p-primary part of the class group of kn, then
|An| = pλ·n+µ·p
n+ν
for all sufficiently large integers n. In particular, λ, µ ≥ 0 but we can have ν < 0.
We call λ, µ, ν the Iwasawa invariants of the extension k∞/k. There is a special
case in which all the invariants are known to vanish.
Theorem 1 (Iwasawa, [Iwa59]). Let k be a number field having exactly one prime
p lying over a rational prime p, and let k∞ be a Zp-extension of k. Suppose p
does not divide the class number of k. Then for every number field kn ⊂ k∞ which
contains k, the prime p ramifies totally in kn/k and p does not divide the class
number of kn; in particular, all of the Iwasawa invariants for k∞/k are zero, i.e.,
λ = µ = ν = 0.
For every prime p and number field k, there is at least one Zp-extension of k;
namely, there is a unique Zp-extension of k contained in
⋃
n≥0 k(ζpn) where the ζpn
are primitive pnth roots of unity. We denote this Zp-extension by k
cyc
∞ and call it
the cyclotomic Zp-extension of k. We write λp(k), µp(k), νp(k) for the Iwasawa
invariants of the extension kcyc∞ /k. Conjecturally, the only Zp-extension of a totally
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real number field is the cyclotomic one, and this is known for Q and real quadratic
number fields, for example.
Iwasawa conjectured that µp(k) = 0 for all primes p and number fields k, and no
counterexamples are known.1 This conjecture has been verified for abelian number
fields by Bruce Ferrero and Lawrence Washington ([FW79]) and for p-extensions of
number fields k with µp(k) = 0 by Iwasawa ([Iwa73b]). We make the assumption
µp(k) = 0 throughout the paper.
Bruce Ferrero and Yuˆji Kida independently calculated λ2(k) for imaginary qua-
dratic fields k. Their computations are explicit:
Theorem 2 (Ferrero, [Fer80]; Kida, [Kid79]). Let d > 2 be a squarefree integer.
Then
λ2(Q(
√
−d)) = −1 +
∑
p|d
p6=2
2ord2(p
2−1)−3(2.1)
where the sum ranges over all odd primes p dividing d.
Here ord2(n) denotes the 2-adic order of an integer n, i.e., the largest exponent
e such that 2e|n. Thus, for example, if p is a prime with p ≡ ±3 (mod 8), then
ord2(p
2 − 1) = 3, so λ2(Q(√−p)) = −1 + 23−3 = 0. In fact, there are infinitely
many such primes, so for any integer m ≥ 0 there are infinitely many choices of
m+1 such distinct primes p1, . . . , pm+1, and we get λ2(Q(
√−p1p2 · · · pm+1)) = m.
In [Kid82], Kida further provided a less explicit computation of λ−2 (k) for any
CM number field k. In more detail, let k+ denote the maximal real subfield of k,
and let A∗(k+n ) denote the 2-primary part of the narrow class group of the nth level
k+n in the cyclotomic Z2-extension k
+
∞ of k
+. Kida showed under mild assumptions2
that for sufficiently large n we have
λ−2 (k) := λ2(k)− λ2(k+) = δ − τ − 1 + dimF2 A∗(k+n )/A∗(k+n )2 + sn(k/k+)(2.2)
where δ is 1 or 0 depending on whether or not kcyc∞ contains a primitive 4th root
of unity, τ is 1 or 0 depending on whether or not the ramification indices of the
primes dividing 2 in k+∞/Q∞ are all even, and sn(k/k
+) denotes the number finite
primes of kcycn which ramify in k
cyc
n /k
+
n and do not divide 2.
We will recover Eq. 2.2 for certain CM number fields k having δ = τ =
dimF2 A
∗(k+n )/A
∗(k+n )
2 = 0 for all n. To do so, we will make use of a general
Hurwitz formula for number fields. Such a formula was first proven by Kida in
[Kid80] for extensions of CM number fields and then more generally by Iwasawa
in [Iwa81] for extensions of number fields in which no infinite primes ramify. Both
formulas need µ = 0 assumptions. We will use a generalization of Iwasawa’s for-
mula which does not need this assumption on the ramification of infinite places. In
particular, we will be able to apply this general formula directly to an extension
ℓ/k of a CM number field ℓ over its maximal real subfield k. Kida does not use the
method in [Kid82] to derive Eq. 2.2.
These Hurwitz formulas for number fields mentioned above have their genesis in
an idea coming from Iwasawa in [Iwa65] where he argued that when µp(k) = 0, the
invariant λp(k) is a good analog for twice the genus of a curve.
1However, there are non-cyclotomic Zp-extensions of number fields which have an Iwasawa
invariant µ > 0.
2We need only assume that µ∗2(k
+) = 0 where µ∗2(k
+) is the “narrow” mu-invariant , i.e., the
mu-invariant in the Iwasawa’s growth formula for the narrow class numbers h∗n of k
+
n .
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If K is the function field of a smooth,
projective curve X over C, then the
local rings of X at closed points are
DVRs, and the p-primary part of the
Picard group satisfies
Pic(X)[p∞] ∼= (Qp/Zp)2gK
where gK is the genus.
If K is a Zp-field with µK = 0 and
X = Spec(OK [1/p]), then the local
rings of X at closed points are DVRs,
and the p-primary part of the Picard
group satisfies
Pic(X)[p∞] ∼= (Qp/Zp)λK
where λK is an Iwasawa invariant.
Table 1. Similarities in structures of Picard groups
2. Iwasawa’s ‘Riemann-Hurwitz’ Formula Revisited
Following Iwasawa, we define a Zp-field to be the cyclotomic Zp-extension field
of a number field. In other words, K is a Zp-field when K = k
cyc
∞ for the prime p.
Note that if kcyc∞ = ℓ
cyc
∞ for some prime p and number fields k, ℓ, then λp(k) = λp(ℓ)
and we have µp(k) = 0 ⇔ µp(ℓ) = 0. Thus for a Zp-field K we may define λK to
the be Iwasawa λ-invariant λp(k) for any number field k with K = k
cyc
∞ . Likewise,
we may define the notation µK = 0 to indicate that µp(k) = 0 for some (and hence
every) number field k such that K = kcyc∞ .
Theorem 3. Suppose K is a Zp-field. Let IK denote the group of invertible
fractional ideals in the integer ring OK of K, and let PK ≤ IK denote the sub-
group of principal fractional ideals. Then the p-primary part AK of the class group
CK = IK/PK satisfies
AK ∼= (Qp/Zp)λK ⊕M
where pnM = 0 for some n ≥ 0. Moreover, M is trivial precisely when µK = 0.
This structure theorem, whose proof may be gleaned from [Iwa59] and [Iwa73a],
allows us to pin down the analogy between number fields and curves in the spirit of
[Iwa65]. The analogy is illustrated in Table 1. A few remarks are in order. The ring
OK is not Noetherian, but by inverting p, the resulting ring OK [1/p] is actually
a Dedekind domain, so its prime spectrum is a nice scheme which shares many
properties with curves. This also helps to explain why the ramification for the
prime p is missing in Iwasawa’s ‘Riemann-Hurwitz’ formula; however, we will not
use this interpretation in the proof of Iwasawa’s formula, but the so-called Dedekind
different formula implies that a purely geometric proof of Iwasawa’s result should
exist. Before stating Iwasawa’s ‘Riemann-Hurwitz’ formula, we need a definition.
Definition 4. Let G be a cyclic p-group. For a G-module M , define the ‘Euler
characteristic’ χ(G,M) ∈ Z to be the exponent of p in the Herbrand quotient
pχ(G,M) =
|H2(G,M)|
|H1(G,M)|
when both cohomology groupsHi(G,M) are finite for i = 1, 2. Note that χ inherits
the following properties from the Herbrand quotient:
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rankZp(−) (−)G H2(G,−) H1(G,−) χ(G,−)
Zp 1 Zp Zp/pZp 0 1
ZpG p Zp 0 0 0
IpG p− 1 0 0 Zp/pZp −1
Table 2.
(1) χ is additive on short exact sequences of G-modules3
(2) χ(G,M) = 0 when M is a finite G-module
(3) χ(G,M∗) = −χ(G,M) when M∗ = HomZp(M,Qp/Zp) is the p-Pontryagin
dual of a ZpG-module M .
Theorem 5 (Iwasawa’s ‘Riemann-Hurwitz’ Formula). Let L/K be a Z/(p)-extension
of Zp-fields with G = Gal(L/K). Suppose µK = 0. Then µL = 0 and
(5.1) λL = pλK − (p− 1)χ(G,PL) +
∑
w∤p
(e(w) − 1)
where the sum ranges over all finite places w of L not lying above p, e(w) is the
ramification index of w in L/K, and G acts in the obvious way on the principal
fractional ideals PL of the integer ring OL in L.
Remark 6. If the extension L/K in Theorem 5 is unramified at the infinite places
(always true, e.g., when p is odd), then Iwasawa showed that H2(G,L×) = 0, so
additivity of the ‘Euler characteristic’ χ shows that −χ(G,PL) = χ(G,O×L ), which
recovers the formula as originally stated by Iwasawa in [Iwa81].
Proof of Theorem 5. Using the notation of Theorem 3 above, we let AL denote the
p-primary part of the class group CL = IL/PL where again IL, PL are the groups
of invertible and principal, respectively, fractional ideals of the integer ring OL.
The statement that µL = 0 follows from µK = 0 by a result mentioned above (see
[Iwa73b]) since L/K is a p-extension, so the structure theorem implies
A∗L = HomZp(AL,Qp/Zp) ∼= HomZp((Qp/Zp)λL ,Qp/Zp) ∼= ZλLp
as Zp-modules. On the other hand, we have the following classification theorem.
Theorem 7 (Diederichsen, [Die40]). Let 〈g〉 = G ∼= Z/(p). The only indecompos-
able ZpG-modules which are free of finite rank over Zp are (up to isomorphism) Zp,
ZpG, and the augmentation ideal IpG = (g − 1)ZpG.
Hence
A∗L ∼= Zap ⊕ (ZpG)b ⊕ (IpG)c
as ZpG-modules for some nonnegative integers a, b, c. It is easy to compute the
Zp-ranks, G-invariants, and Euler characteristics, of these indecomposables. The
results are summarized in Table 2. Moreover, if S is the set of finite places of K
which do not lie above p and ramify in L/K, then Iwasawa showed in [Iwa81] that
χ(G, IL) = |S|.
3If 0 → A → B → C → 0 is a SES of G-modules and two of the numbers χ(G,A), χ(G,B),
χ(G,C) are finite (i.e., well-defined), then so is the other and χ(G,A)− χ(G,B) + χ(G,C) = 0.
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Also, the last column in Table 2 implies
χ(G,A∗L) = a · 1 + b · 0 + c · (−1) = a− c.
Hence duality gives
χ(G,AL) = −χ(G,A∗L) = −a+ c,
but
χ(G,CL) = χ(G,AL)
since G is a p-group and CL is torsion, so χ(G,PL) is also finite and additivity gives
−χ(G,PL) + |S| = −χ(G,PL) + χ(G, IL) = χ(G,CL) = −a+ c.
Also, the natural map
AK → AGL
has finite kernel and finite cokernel since the same is true of CK → CGL as may be
seen from the snake lemma. Thus the first two columns in Table 2 show that
λK = rankZp(A
∗
K) = rankZp((A
G
L )
∗) = rankZp((A
∗
L)
G)
= a · 1 + b · 1 + c · 0 = a+ b.
Putting all of this together, we get
λL = a · 1 + b · p+ c(p− 1) = p(a+ b) + (p− 1)(−a+ c)
= pλK − (p− 1)χ(G,PL) + (p− 1)|S|,
as needed. We have shown more than just a formula for the λ-invariants; in fact,
A∗L ∼= Zap ⊕ (ZpG)λK−a ⊕ (IpG)|S|−χ(G,PL)+a
as ZpG-modules for some nonnegative integer a with χ(G,PL)− |S| ≤ a ≤ λK . 
3. Main Result
Theorem 8. Suppose p is a prime of the form 2t + 1 for some integer t ≥ 0 and
let d > 2 ≥ (d, p) be a squarefree integer. Take k to be the unique real subfield of
Q(ζ2p2) such that [k : Q] = p, and take K = k
cyc
∞ to be the cyclotomic Z2-extension
of k. If the class number hk of k is odd (e.g., we can take p ∈ {2, 3, 5, 17, 257}),
then
|H1(G,PL)| = 1 and |H2(G,PL)| = 2
where L = K(
√−d), G = Gal(L/K), and PL denotes the principal fractional ideals
of L. In particular, we have χ(G,PL) = 1, and Theorem 5 implies the following
special case of [Kid82]:
λ2(k(
√
−d)) = −1 + |S|
where S is the set of finite places of K not lying above 2 which ramify in L/K.
Remark 9. Note that the field k in Theorem 8 is the first layer in the cyclotomic
Zp-extension of Q. Thus when p = 2, Theorem 8 precisely recovers Theorem 2
since, in that case, K = kcyc∞ = Q∞ is the cyclotomic Z2-extension of Q and for
each odd prime q there are exactly 2ord2(q
2−1)−3 primes of Qcyc∞ which lie above q.
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Proof of Theorem 8. We first apply the general form of Iwasawa’s ‘Riemann-Hurwtiz’
formula (Equation 5.1) to the extension L/K of Z2-fields where we take L =
K(
√−d) = ℓcyc∞ to be the cyclotomic Z2-extension of ℓ = k(
√−d) and as above
G = Gal(L/K). We get
λ2(k(
√
−d)) = λL = 2λK − χ(G,PL) + |S|.
Thus it suffices to show that λK = 0, |H1(G,PL)| = 1, and |H2(G,PL)| = 2.
First, we prove that λK = 0 using Theorem 1. We have assumed that hk is odd,
and, in fact, this assumption is valid4 for p ∈ {2, 3, 5, 17, 257}. Hence it is enough
to show that k has exactly one prime lying above 2. When p = 2, this is clear since
k = Q(
√
2), so we may assume p = 2t + 1 for some integer t ≥ 1. Of course, we
must have t = 2r (i.e, p = Fr = 2
2r +1 is a prime Fermat number) for some integer
r ≥ 0. For every j ≥ 1, we can factor
Fj − 2 = 22
j − 1 = F0F1 · · ·Fj−1
as a product of consecutive Fermat numbers Fi = 2
2i +1. This identity shows that
Fermat numbers are pairwise relatively prime, so p2 ∤ 22
j − 1 for any j ≥ 0 since
p = Fr is a prime Fermat number. This means that the multiplicative order of
2 modulo p2 is not a power of 2 which forces the residue degree of 2 in Q(ζp2) =
Q(ζ2p2) to be divisible by p. Consequently, the residue degree of 2 in k is p, which
is equivalent to 2 being inert in k. Hence λK = 0.
It remains to show that |H1(G,PL)| = 1 and |H2(G,PL)| = 2. First, we
fix some notation. Write out the towers for the Z2-extensions K/k and L/ℓ =
K(
√−d)/k(√−d) as
k ⊂ k1 ⊂ k2 ⊂ . . . ⊂ k∞ := K
ℓ ⊂ ℓ1 ⊂ ℓ2 ⊂ . . . ⊂ ℓ∞ := L.
Note that we have dropped the superscripted cyclotomic “cyc” notation for conve-
nience. In this way,
Gal(kn/k) ∼= Gal(ℓn/ℓ) ∼= Z/(2n) for all positive integers n ∈ N
and
Gn := Gal(ℓn/kn) ∼= Z/(2) for all indices n ∈ N ∪ {∞}.
Thus we have exact sequences
0→ H1(Gn, Pℓn)→ H2(Gn,O×ℓn)→ H2(Gn, ℓ×n )
→ H2(Gn, Pℓn)→ H1(Gn,O×ℓn)→ 0,
and we have norm maps Nn : ℓn → kn for all indices n ∈ N ∪ {∞}. In this case,
Nn(α) = αα¯ = |α|2 is just the square modulus since the restriction of complex
conjugation generates Gn for all indices n ∈ N ∪ {∞}. Thus the images of these
norms maps consist entirely of totally positive5 elements.
Now we need a theorem. It generalizes a result of Weber’s (see Sa¨tze 6 and 25
in [Has52]) which Ferrero used in [Fer80].
4This follows, e.g., from results of Humio Ichimura and Shoichi Nakajima; see Proposition 1
and its proof in Section 3 of [IN10]
5Recall that an algebraic number α is called totally positive if the images of α under every
embedding Q(α) →֒ C are real and positive.
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Theorem 10 (I. Hughes and R. Mollin, [HM83]). Let F ′/F be a cyclic 2-extension
of real abelian number fields. Suppose Gal(F/Q) has exponent n such that −1 is
congruent to a power of 2 modulo n, and, if F 6= F ′, suppose that exactly one prime
ramifies in F ′/F . If the class number hF of F is odd, then every totally positive
element of O×F ′ is a square in O×F ′ .
For all n ∈ N we apply Theorem 10 to the extension F ′/F = kn/k to get
O×kn ∩N∞(L×) = (O×kn)2 = Nn(O×ℓn)(10.1)
where (O×kn)2 denotes the subgroup of squares of units. In fact, taking unions shows
that Equation 10.1 also holds for n =∞, so
H1(G,PL) ∼= ker(O×K/(O×K)2 → K×/N∞(L×)) = (O×K ∩N∞(L×))/(O×K)2 = 0,
and likewise H1(Gn, Pℓn) = 0 for all n ∈ N.
Hence it remains only to show that |H2(G,PL)| = 2. To do this, we first prove
|H1(G,O×L )| = 2 and then show that the surjection H2(G,PL) → H1(G,O×L ) is
also an injection.
For each n ∈ N, let t∞(n) denote the number of infinite places of kn which ramify
in ℓn/kn. Since kn is totally real and ℓn is totally complex, t∞(n) = [kn : Q] is just
the number of real places of kn, so Dirichlet’s unit theorem gives
O×kn ∼= Zt∞(n)+0−1 ⊕
Z
(2)
as abelian groups. Then using Theorem 10 again shows
|H2(Gn,O×ℓn)| =
∣∣∣∣∣ O
×
kn
(O×kn)2
∣∣∣∣∣ =
∣∣∣∣ Zt∞(n)−1 ⊕ (Z/(2))2(Zt∞(n)−1 ⊕ (Z/(2)))
∣∣∣∣ = 2t∞(n)−1+1 = 2t∞(n).
(10.2)
Now we state another needed result, whose proof may be found, for example, in
[Gre10].
Theorem 11. Suppose F ′/F is a quadratic extension of number fields and let t∞
denote the number of infinite places of F which ramify in F ′. Then
χ(Gal(F ′/F ),O×F ′) = t∞ − 1.
We now apply Theorem 11 for the extension F ′/F = ℓn/kn to conclude that
|H1(Gn,O×ℓn)| = 2
for all positive integers n ∈ N since we have already shown in Equation 10.2 above
that |H2(Gn,O×ℓn)| = 2t∞(n). On the other hand, for n ∈ N ∪ {∞} we have
Un/Vn ∼= H1(Gn,O×ℓn)
where Un is the norm 1 units in Oℓn and Vn = {u¯/u : u ∈ O×ℓn}. We claim Un/Vn
is generated by the coset of −1 for all indices n ∈ N ∪ {∞}. We need the following
lemma which we do not prove here but is not hard to establish (see, for example,
Lemma 6.15 in [Sch12]).
Lemma 12. Let d > 1 be a squarefree integer. Suppose F is a number field with
discriminant ∆F such that (d,∆F ) ≤ 2. Then 4OF (√−d) ⊆ OF +
√−dOF .
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Suppose contrary to the claim that −1 = u¯/u ∈ Vn for some u ∈ O×ℓn and some
positive integer n ∈ N. Then both u and u−1 are in Oℓn , so since u = −u¯ and
u−1 = −u−1 the lemma implies
u =
a
√−d
4
and u−1 =
b
√−d
4
for some a, b ∈ Okn . Hence abd = −42, so d divides 42 = 24 in Okn , but that means
d divides 24 in Z. Therefore d = 1 or d = 2 since d is a squarefree positive integer,
which contradicts our assumption that d > 2. Thus for each n ∈ N we know that
−1 /∈ Vn and |Un/Vn| = 2, so Un/Vn is generated by the coset of −1. It follows that
H1(G,O×L ) ∼= U∞/V∞ is also generated by the coset of −1 and has order 2 since
U∞ =
⋃
n∈N
Un =
⋃
n∈N
〈−1〉Vn = 〈−1〉V∞ and − 1 /∈
⋃
n∈N
Vn = V∞.
To summarize, we have an exact sequence
0→ H2(G,O×L )→ H2(G,L×)→ H2(G,PL)→ H1(G,O×L )→ 0
where |H1(G,O×L )| = 2, so to prove |H2(G,PL)| = 2 (and thus finish the proof
of Theorem 8) we only need to show that the map H2(G,O×L ) → H2(G,L×) is
onto since that would imply the map H2(G,L×) → H2(G,PL) is trivial and, con-
sequently, that the map H2(G,PL)→ H1(G,O×L ) is bijective.
We have a commutative square
H2(G,O×L ) //
∼

H2(G,L×)
∼

lim−→
n
O×kn
Nn(O×ℓn)
// lim−→
n
k×n
Nn(ℓ
×
n )
where the horizontal maps are the natural maps and the vertical maps are isomor-
phisms. Pick some n ∈ N and xn ∈ k×n . Then the commutative square above
implies that proving the surjectivity of H2(G,O×L )→ H2(G,L×) amounts to show-
ing there is an m ∈ N and a ym ∈ O×km such that we have an equality of cosets
xnNj(ℓ
×
j ) = ymNj(ℓ
×
j ) for some integer j ≥ max{n,m}. In fact, we show that we
can take j = m+ 1.
For the moment, let m be an arbitrary positive integer. Define Sm to be the set
of places of km which do not split in ℓm. We have a commutative diagram
O×km+1
Nm+1(O×ℓm+1)
βm+1 // k
×
m+1
Nm+1(ℓ
×
m+1)
∼ //
⊕
v′∈Sm+1
′ Br(ℓm+1,w′/km+1,v′)
O×km
Nm(O×ℓm)
βm //
αm
OO
k×m
Nm(ℓ
×
m)
γm
OO
∼ //
⊕
v∈Sm
′ Br(ℓm,w/km,v)
δm
OO
(12.1)
where α, β, δ are the natural maps and the restricted direct sum ⊕′ on relative local
Brauer groups contains only those tuples which lie in the kernel of the natural map
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to Q/Z given by the sum of local invariants.6 We have already noted that βm, βm+1
are injective, and αm is injective for the same reason, i.e., Theorem 10 implies
O×km ∩Nm+1(Oℓm+1) = (O×km)2 = Nm(O×ℓm).
Thus βm+1 ◦αm is injective, so commutativity of the left side of Diagram 12.1 and
Equation 10.2 imply
|im(γm ◦ βm)| = |im(βm+1 ◦ αm)| = |O×km/Nm(O×ℓm)| = 2t∞(m).(12.2)
Let Hm be the subgroup consisting of those tuples in
⊕′
v∈Sm Br(ℓm,w/km,v) which
are trivial on the components corresponding to finite places v ∈ Sm which split in
km+1. We claim that the image of Hm under δm also has size 2
t∞(m). First, note
that for each v ∈ Sm the relative local Brauer group Br(ℓm,w/km,v) has order two
since
Br(ℓm,w/km,v) ∼=
{
ker(Br(R) −→ Br(C) = 0) = Br(R) ∼= Z/(2) if v is infinite
ker(Q/Z
×2−→ Q/Z) = 12Z/Z ∼= Z/(2) if v is finite.
If v ∈ Sm is a finite place which does not split in km+1, then the map δm kills the
component of Br(ℓm,w/km,v) since the local degree is [km+1 : km] = 2. Also, the
infinite places in k∞/k are totally split, so if v ∈ Sm is an infinite place, then there
are exactly two (real) places v′1, v
′
2 of km+1 which lie above v; in this case, the map
δm on the component Br(ℓm,w/km,v) is given by
Br(ℓm,w/km,v)→ Br(ℓm+1,w′
1
/km+1,v′
1
)⊕ Br(ℓm+1,w′
2
/km+1,v′
2
) : α 7→ (α, α).
Therefore |δm(Hm)| = 2t∞(m) as claimed since, in particular, Hm contains all tuples
whose only nonzero components correspond to infinite places and, if needed to make
the sum of local invariants zero, exactly one finite place that does not split in km+1.
Now we specify m. Finite places are finitely split in the cyclotomic Zp-extension
of a number field, so there is a sufficiently large positive integer m ≥ n such that
every finite place v ∈ Sm with ordv(xn) 6= 0 does not split in km+1. Increasing m if
necessary, we may also assume that the finite places v ∈ Sm which ramify in ℓm/km
do not split in km+1. For finite places v ∈ Sm which are unramified in ℓm/km with
ordv(xn) = 0, we have xn ∈ O×km,v , but Nm(O×ℓm,w) = O×km,v (see Theorem 2 in
Chapter 31 of [Lor08]), so the image of xnNm(ℓ
×
m) in
⊕′
v∈Sm Br(ℓm,w/km,v)
∼=⊕′
v∈Sm k
×
m,v/Nm(ℓ
×
m,w) is contained in Hm. Equivalently,
xnNm(ℓ
×
m) ∈ H˜m(12.3)
where H˜m denotes the subgroup of k
×
m/Nm(ℓ
×
m) which maps isomorphically ontoHm
in the above commutative diagram 12.1. We have |γm(H˜m)| = |δm(Hm)| = 2t∞(m)
and we will show that im(γm ◦ βm) ⊆ γm(H˜m), so Equation 12.2 implies via the
pigeonhole principle that
γm(H˜m) = im(γm ◦ βm).(12.4)
To see im(γm◦βm) ⊆ γm(H˜m), we first note that the study of Brauer groups for local
fields shows im(βm) maps injectively into the subgroup of
⊕′
v∈Sm Br(ℓm,w/km,v)
consisting of tuples which are trivial on all components other than those corre-
sponding to infinite places and to finite places which ramify in ℓm/km. Since the
6Note that v ∈ Sm uniquely specifies a place w of ℓm which lies above v. Also, if v /∈ Sm is a
place of km, then Br(ℓm,w/km,v) is trivial for any place w of ℓm lying over v.
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finite places v ∈ Sm which ramify in ℓm/km are non-split in km+1 we know that
im(βm) ⊆ H˜m, and hence im(γm ◦ βm) ⊆ γm(H˜m), as needed. Finally, Equations
12.3 and 12.4 give
xnNm+1(ℓ
×
m+1) = γm(xnNm(ℓ
×
m)) = γm(βm(ymNm(O×ℓm))) = ymNm+1(ℓ×m+1)
for some ym ∈ O×km , which finishes the proof. 
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